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Derivation of the distribution from extended Gibrat’s law
∗Atushi Ishikawa
Kanazawa Gakuin University, Kanazawa 920-1392, Japan
Abstract
Employing profits data of Japanese companies in 2002 and 2003, we identify the non-
Gibrat’s law which holds in the middle profits region. From the law of detailed balance in all
regions, Gibrat’s law in the high region and the non-Gibrat’s law in the middle region, we
kinematically derive the profits distribution function in the high and middle range uniformly.
The distribution function accurately fits with empirical data without any fitting parameter.
PACS code : 04.60.Nc
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1 Introduction
The distribution of wealth, income or company size is one of important issues not only in
economics but also in econophysics [1]. In these distributions, a cumulative number N(> x)
obeys a power-law for x which is larger than a certain threshold x0:
N(> x) ∝ x−µ for x > x0 . (1)
This power-law and the exponent µ are called Pareto’s law and Pareto index, respectively [2] 1.
Here x is wealth, income, profits, assets, sales, the number of employees and etc.
The study of power-law distributions in the high range is quite significant. Because a large
part of the total wealth, income or profits is occupied by persons or companies in the high region,
although the number of them is a few percent. They have the possibility to influence economics.
Power-law distributions are observed in fractal systems which have self-similarity. This means
that there is self-similarity in economic systems. The power-law distribution in the high region
is well investigated by using various models in econophysics.
Recently, Fujiwara et al. [5] find that Pareto’s law (and the reflection law) can be derived
kinematically form the law of detailed balance and Gibrat’s law [6] which are observed in high
∗e-mail address: ishikawa@kanazawa-gu.ac.jp
1Recently Pareto’s law is checked with high accuracy (See [3, 4] for instance).
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region x > x0. In the proof, they assume no model and only use these two underlying laws in
empirical data.
The detailed balance is time-reversal symmetry:
P12(x1, x2) = P12(x2, x1) . (2)
Here x1 and x2 are two successive incomes, profits, assets, sales, etc, and P12(x1, x2) is a joint
probability distribution function (pdf). Gibrat’s law states that the conditional probability
distribution of growth rate Q(R|x1) is independent of the initial value x1:
Q(R|x1) = Q(R) . (3)
Here growth rate R is defined as the ratio R = x2/x1 and Q(R|x1) is defined by using the pdf
P (x1) and the joint pdf P1R(x1, R) as
Q(R|x1) = P1R(x1, R)
P (x1)
. (4)
In Ref. [7], by using profits data of Japanese companies in 2002 (x1) and 2003 (x2), it is
confirmed that the law of detailed balance (2) holds in all regions x1 > 0 and x2 > 0 (Fig. 1).
We also find that Gibrat’s law still holds in the extended region x1 > x0 and x2 > 0. From these
observations, we have shown that Pareto index is also induced from the growth rate distribution
empirically.
On the other hand, it is also well known that the power-law is not observed below the
threshold x0 [6, 8]. For instance, we show the profits distributions of Japanese companies in
2002 and 2003 (Fig. 2). We find that Pareto’s law holds in the high profits region and it fails
in the middle one. The study of distributions in the middle region is as important as the study
of power-law those. Because a large number of persons or companies is included in the middle
region. Furthermore, it is interesting to study the breaking of fractal.
In order to obtain the distribution in the middle region, we examine data below the threshold
x0. It is reported that Gibrat’s law is valid only in the high region ([9] for instance). The recent
works about the breakdown of Gibrat’s law is done by Stanley’s group [10]. Aoyama et al. also
report that Gibrat’s law does not hold in the middle region by using data of Japanese companies
[11].
In the analysis of Gibrat’s law in Ref. [7], we concentrate our attention to the region x1 > x0
and x2 > 0. In this paper, we examine the growth rate distribution in all regions x1 > 0 and
x2 > 0 and identify the law which is the extension of Gibrat’s law
2. We employ profits data of
Japanese companies in 2002 and 2003 which are available on the database “CD Eyes” published
by Tokyo Shoko Research, Ltd. [12].
By using the extended Gibrat’s law, we derive the distribution function in the high and
middle profits region under the law of detailed balance. It explains empirical data with high
accuracy. Notice that the distribution function has no fitting parameter. The parameters of the
function are already decided in the extended Gibrat’s law.
2In this paper, we call the law in the region x1 < x0 and x2 > 0 non-Gibrat’s law.
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2 Gibrat’s law and non-Gibrat’s law
In this section, we reconfirm Gibrat’s law in the high profits region and identify non-Gibrat’s
law in the middle one. We divide the range of x1 into logarithmically equal bins as x1 ∈
4×[102+0.2(n−1), 102+0.2n] thousand yen with n = 1, 2, · · · , 15 3. In Fig. 3, 4 and 5, the probability
densities for r are expressed in the case of n = 1, · · · , 5, n = 6, · · · , 10 and n = 11, · · · , 15,
respectively. The number of the companies in Fig. 3, 4 and 5 is “35, 513”, “64, 205” and “25, 189”,
respectively. Here we use the log profits growth rate r = log10R. The probability density for r
defined by q(r|x1) is related to that for R by
log10Q(R|x1) + r + log10(ln 10) = log10 q(r|x1) . (5)
From Fig. 3, 4 and 5, we express the relation between r and q(r|x1) as follows:
log10 q(r|x1) = c(x1)− t+(x1) r for r > 0 , (6)
log10 q(r|x1) = c(x1) + t−(x1) r for r < 0 . (7)
By the use of Eq. (5), these relations are rewritten in terms of R as
Q(R|x1) = d(x1) R−t+(x1)−1 for R > 1 , (8)
Q(R|x1) = d(x1) R+t−(x1)−1 for R < 1 , (9)
with d(x1) = 10
c(x1)/ln 10 .
By applying the expressions (6) and (7) to data in Fig. 3, 4 and 5, the relation between x1
and t±(x1) is obtained (Fig. 6). In Fig. 6, t± hardly responds to x1 for n = 13, 14, 15. This
means that Gibrat’s law holds in the high profits region. On the other hand, t+ (t−) increases
(decreases) linearly with log10 x1 for n = 4, 5, · · · , 11. In the middle profits region, not Gibrat’s
law but the other law (non-Gibrat’s law) holds as follows 4:
t+(x1) = t+(x0)− α+ ln x1
x0
, (10)
t−(x1) = t−(x0) + α− ln
x1
x0
. (11)
In Fig. 6, α+ and α− are estimated as
α+ ∼ α− ∼ 0 for x1 > x0 , (12)
α+ ∼ α− ∼ 0.27 for xmin < x1 < x0 , (13)
where x0 = 4 × 102+0.2(13−1) ∼ 105 thousand yen (= 100 million yen) and xmin = 4 ×
102+0.2(4−1) ∼ 1, 600 thousand yen. In this paper we call the combination of Gibrat’s law
((10), (11) and (12)) and non-Gibrat’s law ((10), (11) and (13)) extended Gibrat’s law.
3In Ref. [7], we only consider the case for n = 11, 12, · · · , 15.
4In section 5, we examine another type of non-Gibrat’s law.
3
3 Profits distribution in the high and middle region
In Refs. [7], Pareto’s law (1) and the Pareto index µ can be derived from the detailed balance
(2) and Gibrat’s law (3) in the high profits region. In this section, we derive profits distribution
not only in the high profits region but also in the middle one by using the detailed balance and
the extended Gibrat’s law.
Due to the relation of P12(x1, x2)dx1dx2 = P1R(x1, R)dx1dR under the change of variables
from (x1, x2) to (x1, R), these two joint pdfs are related to each other,
P1R(x1, R) = x1P12(x1, x2). (14)
By the use of this relation, the detailed balance (2) is rewritten in terms of P1R(x1, R) as follows:
P1R(x1, R) = R
−1P1R(x2, R−1). (15)
Substituting the joint pdf P1R(x1, R) for the conditional probability Q(R|x1) defined in Eq. (4),
the detailed balance is expressed as
P (x1)
P (x2)
=
1
R
Q(R−1|x2)
Q(R|x1) . (16)
In the preceding section, the conditional probability Q(R|x1) is identified as (8) or (9). Under
the change of variables x1 ↔ x2, the conditional probability Q(R−1|x2) is expressed as
Q(R−1|x2) = d(x2) R−t+(x2)−1 for R < 1 , (17)
Q(R−1|x2) = d(x2) R+t−(x2)−1 for R > 1 . (18)
From the detailed balance and the extended Gibrat’s law, one finds the following:
P (x1)
P (x2)
= R+t+(x1)−t−(x2)+1 (19)
= R
+t+(x0)−t−(x0)+1+α+ ln x1x0+α− ln
x2
x0 (20)
for R > 1. Here we assume that the x dependence of d(x) is negligible in the derivation, the
validity of which should be checked against the results. By expanding Eq. (20) around R = 1,
the following differential equation is obtained[
+t+(x0)− t−(x0) + 1 + (α+ + α−) ln x
x0
]
P (x) + x P ′(x) = 0, (21)
where x denotes x1. The same differential equation is obtained for R < 1. The solution is given
by
P (x) = Cx−(µ+1) e−α ln
2 x
x0 (22)
with α = (α+ + α−) /2. Here we use the relation +t+(x0) − t−(x0) = µ which is confirmed in
Ref. [7].
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4 Data fitting
In the previous section, we derive the profits distribution function (22) in the high and
middle profits region from the detailed balance and the extended Gibrat’s law. In this section,
we directly examine whether it fits with profits distribution data.
In order to average the scattering of data points, we employ the cumulative number of
companies (Fig. 2). For x1 > x0, by using Eqs. (12) and (22) the cumulative distribution in the
high profits region is expressed as
NH(> x) = N(> x0)
∫ ∞
x
dt P (t) (23)
= N(> x0)
(
x
x0
)−µ
. (24)
On the other hand, by the use of Eqs. (13) and (22) the cumulative distribution in the middle
profits region xmin < x1 < x0 is given by
NM(> x) = {N(> xmin)−N(> x0)}
∫ x0
x
dt P (t) +N(> x0) (25)
= {N(> xmin)−N(> x0)}
Erf
(
1
2
√
α
)
− Erf
(
µ+2α ln x
x0
2
√
α
)
Erf
(
1
2
√
α
)
− Erf
(
µ+2α ln
xmin
x0
2
√
α
)
+ N(> x0) . (26)
Here Erf(x) is error function defined by Erf(x) = 2
∫ x
0 e
−t2dt/
√
pi.
In Fig. 7, the distribution functions (24) in the high profits region (x1 > x0) and (26) in the
middle one (xmin < x1 < x0) explain empirical data in 2003 with high accuracy. This guarantees
the validity of the assumption in the previous section. Notice that there is no ambiguity in
parameter fitting, because indices µ, α and the bounds x0, xmin is already given in the extended
Gibrat’s law 5.
5 Another non-Gibrat’s law
In section 2, we present the non-Gibrat’s law (10), (11) and (13) as a linear approximation of
t±(x1) in Fig. 6. In this section, we examine another linear approximation in Fig. 8, the vertical
axis of which is the logarithm.
In Fig. 8, log10 t+ (log10 t−) increases (decreases) linearly with log10 x1 for n = 4, 5, · · · , 11.
This relation is expressed as
t+(x1) = t+(x0)
(
x1
x0
)+β+
, (27)
t−(x1) = t−(x0)
(
x1
x0
)−β−
, (28)
5Pareto’s law with µ = 1 is especially called Zipf’s law [13].
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where
t+(x0)− t−(x0) = µ , (29)
β+ ∼ 0.35 , β− ∼ 0.36 for xmin < x1 < x0 , (30)
β+ ∼ β− ∼ 0 for x1 > x0 . (31)
Here x0 and xmin are same values in section 2. From the detailed balance and this extended
Gibrat’s law, one finds
P (x1)
P (x2)
= R
+t+(x0)
(
x1
x0
)+β+
−t−(x0)
(
x2
x0
)
−β
−
+1
(32)
for R > 1.
By expanding this equation around R = 1, the following differential equation is obtained[
+t+(x0)
(
x
x0
)+β+
− t−(x0)
(
x
x0
)−β−
+ 1
]
P (x) + x P ′(x) = 0 , (33)
where x denotes x1. The same differential equation is obtained for R < 1. In order to take
β± → 0 limit into account, we rewrite this as follows:[
+t+(x0)
{(
x
x0
)+β+
− 1
}
− t−(x0)
{(
x
x0
)−β−
− 1
}
+ µ+ 1
]
P (x) + x P ′(x) = 0 . (34)
The solution is given by
P (x) = Cx−(µ+1) e−β ln
2 x
x0 +O(β+
2) +O(β−2) (35)
with β = (β+t+(x0) + β−t−(x0)) /2. Here we use the expansion xβ−1/(x0)β−x−1 = β(lnx/x0)/x+
O(β2).
If we neglect O(β±2) terms in Eq. (35), the profits distribution function (35) can be identified
with (22), because β ∼ α numerically. In other words, there is no essential difference between
two expressions (10), (11) and (27), (28) in the middle region.
6 Conclusion
In this paper, we have kinematically derived the profits distribution function in the high and
middle region from the law of detailed balance and the extended Gibrat’s law by employing
profits data of Japanese companies in 2002 and 2003.
Firstly, we have reconfirmed Gibrat’s law in the high profits region (x > x0). The value of
x0 is estimated to be about 100 million yen in Fig. 6 or 8. At the same time, we have found that
Gibrat’s law fails and another law holds in the middle profits region (xmin < x < x0). We have
identified the non-Gibrat’s law and the value of xmin is estimated to be about 1, 600 thousand
yen in Fig. 6 or 8. We have called the combination of Gibrat’s law and the non-Gibrat’s law the
extended Gibrat’s law.
6
Secondly, we have derived not only Pareto’s law in the high profits region but also the
distribution in the middle one from the detailed balance and the extended Gibrat’s law. The
derivation has been described uniformly in terms of the extended Gibrat’s law.
The profits distribution in the middle region is very similar to log-normal one:
P (x) = Cx−1 exp
[
− 1
2σ2
ln2
x
x¯
]
, (36)
where x¯ is mean value and σ2 is variance. The difference between two distributions (22) and
(36) is only the power of x. It brings a translation along the horizontal axis in the log-log plot.
In this sense, the distribution in the middle profits region obtained in this paper is essentially
equivalent to the log-normal one. Notice that it has no fitting parameter that the log-normal
distribution, prepared only for data fitting, has. Indies µ, α and the bounds x0, xmin is already
given in the extended Gibrat’s law.
In the derivation of the profits distribution, we have used the detailed balance and the ex-
tended Gibrat’s law. The detailed balance is observed in a relatively stable period in economy [5].
The extended Gibrat’s law is interpreted as follows. Companies, classified in small-scale profits
category, have more (less) possibilities of increasing (decreasing) their profits than companies
classified in large-scale one. In other words, it is probably difficult that companies gain large-
scale profits in two successive years. This is the non-Gibrat’s law and it leads the distribution
in the middle profits region.
This phenomenon is not observed above the threshold x0. For x > x0, companies, classified
in small-scale profits category, have same possibilities of increasing (decreasing) their profits
with companies classified in large-scale one. This is the Gibrat’s law and it leads the power
distribution in the high profits region.
In this paper, we cannot mention the distribution in the low profits region x < xmin, because
no law is observed in the region (Fig. 6 or 8). This may be caused by insufficient data in the
low region. Lastly, we speculate possible distributions in the region. If we do not take β± → 0
limit, we should solve the differential equation (33). The solution is given by
P (x) = Cx−1 exp
[
− t+(x0)
β+
(
x
x0
)+β+
− t−(x0)
β−
(
x
x0
)−β−]
. (37)
For the case β+ ∼ 1 and β− ∼ 0, the distribution (37) takes the exponential form in Refs. [4, 14].
On the other hand, for the case β+ ∼ 0 and β− ∼ 1, the distribution (37) takes Weibull form in
Ref. [15]. We can decide the distribution in the low profits region if sufficient data in the region
are provided.
We have showed that a distribution function is decided by underlying kinematics. For profits
data we used, the distribution is power in the high region and log-normal type in the middle one.
This does not claim that all the distributions in the middle region are log-normal types. For
instance, the personal income distribution may take a different form, if the extended Gibrat’s
law changes. Even in the case, the other extended Gibrat’s law will decide the other distribution
by the use of the method in this paper.
7
Acknowledgments
The author is grateful to Professor H. Aoyama for useful discussions about his lecture.
References
[1] R.N. Mategna and H.E. Stanley, An Introduction to Econophysics, Cambridge University
Press, UK, 2000.
[2] V. Pareto, Cours d’Economique Politique, Macmillan, London, 1897.
[3] H. Aoyama, W. Souma, Y. Nagahara, H.P. Okazaki, H. Takayasu and M. Takayasu, cond-
mat/0006038, Fractals 8 (2000) 293;
W. Souma, cond-mat/0011373, Fractals 9 (2001) 463.
[4] A. Draˇgulescu and V.M. Yakovenko, cond-mat/0103544, Physica A299 (2001) 213.
[5] Y. Fujiwara, W. Souma, H. Aoyama, T. Kaizoji and M. Aoki, cond-mat/0208398, Physica
A321 (2003) 598;
H. Aoyama, W. Souma and Y. Fujiwara, Physica A324 (2003) 352;
Y. Fujiwara, C.D. Guilmi, H. Aoyama, M. Gallegati and W. Souma, cond-mat/0310061,
Physica A335 (2004) 197;
Y. Fujiwara, H. Aoyama, C.D. Guilmi, W. Souma and M. Gallegati, Physica A344 (2004)
112;
H. Aoyama, Y. Fujiwara and W. Souma, Physica A344 (2004) 117.
[6] R. Gibrat, Les inegalites economiques, Paris, Sirey, 1932.
[7] A. Ishikawa, Pareto index induced from the scale of companies, physics/0506066.
[8] W.W. Badger, in: B.J. West (Ed.), Mathematical Models as a Tool for the Social Science,
Gordon and Breach, New York, 1980, p. 87;
E.W. Montrll and M.F. Shlesinger, J. Stat. Phys. 32 (1983) 209.
[9] K. Okuyama, M. Takayasu and H. Takayasu, Physica A269 (1999) 125.
[10] M.H.R. Stanley, L.A.N. Amaral, S.V. Buldyrev, S. Havlin, H. Leschhorn, P. Maass,
M.A. Salinger and H.E. Stanley, Nature 379 (1996) 804;
L.A.N. Amaral, S.V. Buldyrev, S. Havlin, H. Leschhorn, P. Maass, M.A. Salinger,
H.E. Stanley and M.H.R. Stanley, J. Phys. (France) I7 (1997) 621;
S.V. Buldyrev, L.A.N. Amaral, S. Havlin, H. Leschhorn, P. Maass, M.A. Salinger,
H.E. Stanley and M.H.R. Stanley, J. Phys. (France) I7 (1997) 635;
L.A.N. Amaral, S.V. Buldyrev, S. Havlin, M.A. Salinger and H.E. Stanley, Phys. Rev. Lett.
80 (1998) 1385;
Y. Lee, L.A.N. Amaral, D. Canning, M. Meyer and H.E. Stanley, Phys. Rev. Lett. 81 (1998)
3275;
8
D. Canning, L.A.N. Amaral, Y. Lee, M. Meyer and H.E. Stanley, Economics Lett. 60 (1998)
335.
[11] 9th Annual Workshop on Economic Heterogeneous Interacting Agents (WEHIA 2004);
The Physical Society of Japan 2004 Autumn Meeting.
[12] TOKYO SHOKO RESEARCH, LTD., http://www.tsr-net.co.jp/.
[13] G.K. Gipf, Human Behavior and the Principle of Least Effort, Addison-Wesley, Cambridge,
1949.
[14] M. Nirei and W. Souma, sfi/0410029.
[15] M. Anazawa, A. Ishikawa, T. Suzuki and M. Tomoyose, cond-mat/0307116, Physica A335
(2004) 616;
A. Ishikawa and T. Suzuki, cond-mat/0403070, Physica A343 (2004) 376;
A. Ishikawa, cond-mat/0409145, Physica A349 (2005) 597.
100
101
102
103
104
105
106
107
108
109
1010
100 101 102 103 104 105 106 107 108 109 1010
Pr
of
it	x
2	
(in
	th
ou
sa
nd
	ye
n
)
Profit	x 1 	 (in	thousand	yen )
Figure 1: The scatter plot of all companies, the profits of which in 2002 (x1) and 2003 (x2)
exceeded 0, x1 > 0 and x2 > 0. The number of the companies is “132,499”.
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Figure 2: Cumulative number distributions N(x1) and N(x2) for companies, the profits of which
in 2002 (x1) and 2003 (x2) exceeded 0, x1 > 0 and x2 > 0. The number of the companies is
“132,499”.
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Figure 3: The probability density distribution q(r|x1) of the log profits growth rate r =
log10 x2/x1 from 2002 to 2003. The data points are classified into five bins of the initial profits
with equal magnitude in logarithmic scale, x1 ∈ 4 × [102+0.2(n−1), 102+0.2n] (n = 1, 2, · · · , 5)
thousand yen. The number of companies in this regime is “35,513”.
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Figure 4: The probability density distribution q(r|x1) of the log profits growth rate r =
log10 x2/x1 from 2002 to 2003. The data points are also classified into five bins of the initial prof-
its with equal magnitude in logarithmic scale, x1 ∈ 4× [102+0.2(n−1), 102+0.2n] (n = 6, 7, · · · , 10)
thousand yen. The number of companies in this regime is “64,205”.
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Figure 5: The probability density distribution q(r|x1) of the log profits growth rate r =
log10 x2/x1 from 2002 to 2003. The data points are also classified into five bins of the initial prof-
its with equal magnitude in logarithmic scale, x1 ∈ 4×[102+0.2(n−1), 102+0.2n] (n = 11, 12, · · · , 15)
thousand yen. The number of companies in this regime is “25,189”.
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Figure 7: Cumulative number distributions N(x2) for companies, the profits of which in 2002
(x1) and 2003 (x2) exceeded 0, x1 > 0 and x2 > 0. The cumulative distribution function derived
from the detailed balance and the extended Gibrat’s law accurately fits with the data. Indices
µ, α and the bounds x0, xmin is already given in the extended Gibrat’s law.
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Figure 8: The log-log plot of the relation between the lower bound of each bin x1 and t±(x1).
From the left, each data point represents n = 1, 2, · · · , 15.
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